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Abstract—Axial deformations resulting from in-plane loads 
(axial forces) of plate elements impact significantly on their 
vibration characteristics. Although, numerous methods have 
been developed to quantify axial forces and hence 
deformations of individual plate elements with different 
boundary conditions based on their natural frequencies, these 
methods are unable to apply to the plate elements in a 
structural system. This is because the natural frequency is a 
global parameter for the entire structure. Thus, this paper 
proposes a comprehensive vibration based procedure to 
quantify axial deformations of plate elements in a structural 
framing system. Unique capabilities of the proposed method 
present through illustrative examples. 
Keywords- Plate Elements, Dynamic Stiffness Matrix, Finite 
Element Method, Vibration Characteristics, Axial Deformation 
I. INTRODUCTION 
Many researchers have investigated the influence of axial 
load and hence deformation of plate elements with different 
boundary conditions on their natural frequency since these 
elements are used in many civil, mechanical and aero space 
applications. Chang, Hu and Jane [1] examined the vibration 
of a delaminated composite plate subjected to in-plane load.  
Results highlighted that fundamental natural frequency 
decreases as the applied axial compressive force increases 
and vice versa. Chen and Lin [2] presented a numerical 
method to examine the static deflection and natural 
frequencies of plate elements using a Levy-type solution.  
Tameroglu [3] presented a method to determine general 
solutions for plates using the variable separation method. 
This method incorporates additional terms to treat different 
types of rectangular plate problems under more general 
linear out-of –plane loading using Levy’s method. Xiang, 
Zhao and Wei [4] studied the vibration behavior of multi 
span rectangular plates using Levy’s method with the 
impact of the internal line supports on the vibration behavior 
of the plates. According to the above, it is evident that the 
previous researches treat individual plate elements so that 
their findings cannot be applied to investigate the axial 
effects/ axial deformations of plate elements in a structural 
framing system. This motivates to develop a innovative 
method to quantify axial deformations of plate elements in a 
structural framing system.   
 
Axial deformations of column elements and shear wall 
elements of cores impact significantly on the stiffness and 
hence the frequency of the entire structural framing system.  
Consequently, the effects of axial deformations should be 
included for vibration analysis of structures especially for 
tall and or slender buildings [5,6]. Differential axial 
deformation among column elements and shear wall 
elements of cores in building are more pronounced with 
height and non vertical load paths resulting from structural 
geometric complexity and impacts significantly on building 
performance and life time serviceability [7]. Electronic 
strain, external mechanical and vibrating wire gauges are 
used to quantify axial deformations of these elements. These 
gauges require deploying on or in elements during their 
construction to acquire continuous measurements so that 
they damage easily and more labor is required to protect 
them. As a consequence, use of these gauges is inconvenient 
and uneconomical [8]. This is another reason for proposing 
method to quantify axial deformations using vibration 
characteristics which can be acquired conveniently as well 
as accurately. Additionally, measuring vibration 
characteristics has become increasingly popular to assess the 
health and performance of a structure [9,10]. 
II. METHODOLOGY 
Dynamic Stiffness Matrix (DSM) can be used to examine 
the impact of the in-plane compressive load on the modal 
parameters. Development of DSM of a structural framing 
system with plate elements present as follows 
 
The governing differential equation of the plate element 
subjected to lateral and direct in-planes loads Nx, Ny, Nxy, 
Nyx  (where- x and y are distances along in plane axes 
considered) and p is the  pressure load applied in Z the 
direction is written as follows [11] 
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Where 
w- transverse displacement and D- flexural rigidity of the 
plate 
 
A dynamic stiffness matrix of an axially compressive plate 
shown in Fig. 1 is developed and presented in this paper. 
Boundary conditions of this plate element are selected to be 
representative of shear walls in a core of a building.  
 
 
 
 
 
 
 
 
 
 
 
Figure 1:  A plate element with axial compressive load 
 
According to D’ Alambert’s principle, (1) can be written for 
free vibration analysis as follows 
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Where µ is the mass of the element 
 
Equation (2) can be solved using a combination of variable 
separation method and Levy’s Method. Using the boundary 
conditions, the solution can then be written as  
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L1- defined in Fig. 1 
m-1,2,3,4 etc.. 
The deflection at any point on the plate can be represented 
from (4) at any time t=T as follows 
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Where D,C,B,A -vector constants as at a specific time t=T, 
g(t) remains constant. 
 
At the boundaries, y=0 and y=L2, shown in Fig.1, the 
deflections and rotations, shear forces and moments can be 
calculated and (5) can be formed as follows 
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L2- defined in Fig. 1 
bij(i,j-1,2,3,4) -function of L1,L2, Poisson’s ratio, m, piλ andi  
 
Modal parameters of the plate element can be calculated 
from (6) presented below using the dynamic stiffness matrix 
[KDyn]   
 [ ]{ } 0KDyn =φ          (6) 
Where { }φ -modal vector of the element 
Transformation matrix, [T] is employed as follows to 
establish the stiffness matrix based in the global coordinate 
system 
 
[ ] [ ] [ ][ ]TKTK DynTG =          (7) 
Where subscript G refers the global coordinate system 
 
The dynamic stiffness matrix of the structure, [ ]K , 
incorporating the influence of axial loads can be formed by 
assembling stiffness matrices of the elements considering 
compatibility of the nodes. Equation (8) shown below 
represents free vibration of a structure with the influence of 
the axial forces of elements  
 
[ ]{ } 0K =φr
         (8) 
Where { }φr  - modal vector of the structure  
 
Equations (6) and (8) incorporate axial effects and hence 
capture the impact of the axial force on the modal 
parameters of the element and the entire structural framing 
system. However, it is not convenient to solve (8) to 
examine the modal parameters with the influence of the 
axial forces of a complex structural framing system with 
shear walls as in Example 02 discussed in the next section. 
The finite element program is thus employed for the 
proposed method in this paper as follows. 
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In the previous study [5], the Finite Element (FE) package, 
ANSYS [12] was modified to capture the effects of the 
applied axial compressive loads of column elements and 
incorporated into the modal analysis. This modified 
program is further enhanced based on the dynamic stiffness 
matrix of the plate element derived above and used in the 
proposed study herein. Using the modified program, a FE 
model was developed for an element used to study the effect 
of axial force from previous publication [13]. Analysis 
results were then compared with the previous publication 
and found a satisfactory agreement confirming the accuracy 
of the modified program.      
 
The proposed method is based on the concept of Modal 
Flexibility (MF) which incorporates both the modal vectors 
and natural frequencies.  MF phenomenon is widely used in 
health or performance assessment of structures since it is 
accurate as well as convenient to apply to any structure [14].  
 
Modal Flexibility of an element, Fx in a structure can be 
represented by 
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Where  
x - the element considered  
r and n - the mode and total number of modes considered 
respectively 
фxr-magnitude of modal vector of element x for mode r  
 
Note- MF is inversely proportional to the stiffness and фxr is 
a single entity at element x and hence Fx is a scalar.  
 
The stiffness matrix changes due to the influence of the 
axial force  as described earlier. The modal parameters and 
hence MF of such an element thus change significantly. The 
parameter called Stiffness Index (SI) is defined using 
Equation (10) considering Modal Flexibility (MF) of 
element x with and without effect of the axial load.   
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This parameter is directly proportional to the stiffness 
reduction which occurs due to the axial load applied in the 
linear elastic region.  
 
The defined parameter, Stiffness Index (SI) can be 
implemented for a structure as demonstrated in the 
procedure below. 
 
For the structure without axial loads, the modal parameters 
such as natural frequencies and mode shapes can be 
obtained numerically using the modified FE program (with 
axial load=0) and ambient measurements extracted from 
accelerometers deployed on the structure. Using these 
modal parameters, the Finite Element Model (FEM) can be 
validated and Fxu for element x can be calculated and 
retained for future use. By applying known axial loads to 
both the FEM and the real structure, the above procedure 
can be repeated to improve the model validation.   
 
In the next stage, the validated FEM of the structure is used 
to develop a database that relates the parameter SI to the 
axial deformation (AD). The modal parameters are 
determined using the modified FE program with varying the 
loads and the corresponding FXL is calculated. SI for each 
case is then calculated using Equation (10).  Axial 
deformations due to the axial forces can also be quantified 
from static analysis. A database for SI vs AD can be 
generated for elements in the structure. Using the results 
from this database, graphs with the vertical axis representing 
the stiffness index (SI) and the horizontal axis representing 
the axial deformation (AD), can be plotted for each element 
x (of interest) in the structure. In this research, (as seen in 
the next section) the variation of SI with AD is linear. It is 
hence evident that, if SI is known (at any stage of loading or 
construction of the structure) the axial deformation AD can 
be obtained by applying either interpolation or extrapolation 
methods.  
When the structure is subjected to unknown axial loads 
during its construction stage or service stage, modal 
parameters can be extracted from the deployed 
accelerometers and then used to calculate SI as described 
earlier.  The axial deformation (AD) corresponding to the 
unknown axial load can then be obtained from the graphs of 
SI vs AD, which are already available in the database. 
 
III. ILLUSTRATIVE EXAMPLES 
The first example is to study the impact of boundary 
conditions of plate element on the proposed method in this 
paper while the second example illustrates the application of 
the method to a geometrically complex structural framing 
system with shear walls. 
 
A. Example 1 
Fig. 2 shows the two plate elements labeled Case A and 
Case B based on their different boundary conditions. This 
example can be used to study the impact of boundary 
conditions on Stiffness Index (SI).  
 
 
 
 
 
 
 
 
 
 
Figure 2: Plate elements with different boundary conditions 
 
The analysis was conducted using the modified FE program 
for Cases A and B while increasing the axial compressive 
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force, Ny, from 4MN to 10 MN with several load 
increments. The frequencies and the corresponding modal 
vectors were extracted from the analysis while the axial 
deformations were quantified from static analysis. Results 
depict that the percentage change of the frequency increases 
with axial deformations and this is more pronounced in the 
first two modes and reduces with the mode number. This 
highlights that stiffness change due to the axial compressive 
force can be captured using the first few (first two) modes. 
It is also observed that the mode shape change due to the 
axial load is more pronounced for the first few modes and 
mode shapes for Case A are different than those for Case B 
due to the impact of the boundary conditions. Variations of 
SI and axial deformation for Cases A and B are plotted 
using the results and shown in Fig. 3.   
 
 
 
 
 
 
 
      
 
(a) 
 
 
 
 
 
 
 
 
 
(b) 
Figure 3: Variation of SI with axial deformation- (a)-Case A and (b)-Case 
B 
 
It is evident from Fig. 3 that SI does not change appreciably 
when more than two modes are incorporated into the 
calculation. This indicates that the first two modes are 
adequate in the proposed procedure to capture the effect of 
axial force and hence deformation. Variation of SIs of Case 
A (from 250,000 to 950,000) and Case B (from 80,000 to 
275, 000) are also different confirming that SI has the ability 
to capture effect of different boundary conditions through 
the change of modal parameters.  It is observed from Fig. 3 
that the variation of SI with axial deformation is linear for 
the both cases so that interpolation or extrapolation methods 
can be used to quantify axial deformation for the real 
structure from the graphs, if the SI is estimated from modal 
parameters obtained from ambient vibration data. These 
findings provide evidence that the defined parameter, SI can 
be implemented for a single element successfully through 
the procedure demonstrated previously.  
 
B.   Example 2 
A 3D structural framing system with shear walls of cores L 
and R shown in Fig. 4, is selected to examine the 
capabilities of the proposed SI and the methodology when 
applied to a structural framing system. Analysis of this 
structure does not involve a heavy computational demand 
and is adequate to explain the process. This framing system 
also comprises the stiff shear walls located at the 7th level 
(see Fig. 4) so that load migration occurs as in a high rise 
building with outrigger and belt systems as demonstrated by 
Moragaspitiya, Thambiratnam, Perera and Chan [7]. In this 
example, the behavior of SIs of shear wall elements of cores 
L and R in levels 5, 7 and 9 are examined in order to 
identify the ability to capture the impact of the stiff shear 
wall at level 7 on the wall elements at, below and above this 
level respectively.  
 
 
    
 
 
 
 
 
 
 
 
 
Figure 4; Structural framing system 
 
Uniformly distributed loads are applied on slabs in different 
steps to create different loading cases. This load application 
facilitates to simulate the structure subjected to gradual load 
increments. The analysis was conducted for each loading 
case using the modified FE program and the corresponding 
modal parameters were extracted. The first two modes (both 
bending) in the u and v directions shown in Fig. 4) were 
used to calculate SIs of the elements since impact of the 
other modes on SI is significantly low as experienced by 
Example 1. In addition, the analysis results show that the 
behaviors of the modal vectors are different for the shear 
wall elements of the two cores. This difference can be used 
to capture the individual behavior of the elements through 
Stiffness Index (SI). The axial deformations of these 
elements at each loading cases were determined using static 
analysis. These results were then used to plot the graphs 
which show the variation of SI and AD. Fig. 5 demonstrates 
the graphs of the selected elements. The first and second 
letters of the legends refer to the particular shear wall and 
the level respectively.    
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(c ) 
Figure 5: Variation of SI of elements of core with axial deformation-(a)- 5th 
level ,(b)- 7th level and (c)-9th level. 
 
It is evident from Fig. 5 that there are significant differences 
between the variations of SI(s) of the two selected elements 
at all 3 levels. This is mainly due to the variation of modal 
vectors used in the calculation of MF. At the 5th and 9th 
levels, elements L5 and L9 are subjected to higher axial 
deformations than elements R5 and L9 due to the larger 
tributary areas of L5 and L9. As stiffness change is 
inversely proportional to axial deformation, the SI(s) of 
elements L5 and L9 are less than those of elements R5 and 
R9 as shown in Figs. 5(a) and 5(c). Axial load of element 
L7 migrates to element R7 through the stiff shear walls 
located at this level (see Fig. 4) and this load migration 
controls the axial deformations notably. As a result, Fig 5(b) 
demonstrates that (i) SIs of the elements at level 7 are lower 
than those at levels 5 and 9 and (ii) SI of L7 is higher than 
that of R7, a reverse in trends observed at the other two 
levels. Fig. 5 also depicts that variation of SI vs. axial 
deformation is linear and hence interpolation and 
exploration can be applied to quantify the axial deformation 
when the structure is subjected to unknown loads, if SI is 
known from ambient vibration measurements as described 
in the procedure in the previous section. 
 
The procedure developed in this paper and the findings 
discussed above confirm that the proposed methodology can 
be used to quantify axial deformations of shear wall 
elements of cores of high rise buildings capturing effects of 
different tributary areas and load migration. This is 
important as axial deformations and SI(s) of such elements 
are more pronounced than those in medium rise buildings.    
 
IV. CONCLUSION 
Numerous methods have been developed to quantify the 
axial force and hence deformation of a plate element using 
its natural frequencies. However, these developments are 
unable to apply to plate elements in a structural framing 
system as the frequency the property of an entire structural 
framing system. This paper thus proposes a comprehensive 
method to quantify axial deformations of the shear wall 
elements in a structural framing system and illustrated 
through examples. Results indicate that the proposed 
method with the parameter, Stiffness Index (SI) has the 
ability to quantify the axial deformation capturing the 
effects of axial loads, boundary conditions of the elements 
and the tributary areas supported by the elements as well as 
the load migration. The proposed method is very useful in 
practice as it can quantify axial deformations of elements in 
a complex structural framing system under any loading 
stage using vibration measurements. 
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